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Abstract. Let X be a Hilbert modular variety and V a non-trivial local system over X. In 
this paper we study Dclignc-Saito's mixed Hodge structure (MHS) on the cohomology groups 
H (X, V) using the method of Higgs bundles. Among other results we give a dimension 
formula for the Hodge numbers and show that the mixed Hodge structure is split over R. 
These results are analogous to I18| in the cocompact case and complement the results in [8] 
for constant coefficients. 

1. Introduction 

Consider the Lie group G — SL(2,M) n x U, where U is connected and compact. In their 
classical work [18 Matsushima and Shimura study the cohomology groups H* (X, V) with values 
in a local system V attached to a linear representation of G on a compact quotient X of a product 
of upper half planes by a discrete subgroup T C G, see §1 in [18] . The main result of [18] is a 
dimension formula for the Hodge numbers of the pure Hodge structure on H*(X,Y). 

The arguments and results of the present paper grew out of an attempt to find a general- 
ization of the results in |18) . The use of the maximum principle in the proof of the vanishing 
result of Theorem 3.1 in |18j presents an obvious difficulty for a direct generalization to the 
non-compact case. The case of Hilbert modular surfaces was already studied in the thesis [2"8] 
of the second named author. The final approach we have taken is a mixture of the one of Zucker 
in |32j for general locally symmetric varieties and the original theory of harmonic forms in [18] 
for discrete quotients of products of upper half planes. The technique of Higgs bundles made 
it possible to combine both methods effectively. The vanishing theorem of Mok on locally ho- 
mogenous vector bundles [19] in the case of Hilbert modular varieties is indispensable to obtain 
our results for all non-trivial local systems, i.e., also non-regular ones. We are aware of the fact 
that some of our results can be also explained in an automorphic setting. Harris and Zucker 
[Hi 1121 1 1 3j have developed a general framework using automorphic forms which is related to 
our work through the BGG-complex. However our approach is purely Hodge theoretic and can 
be applied to other Shimura varieties and to more general non-locally-homogenous situations. 



1 This work was supported by SFB/Transregio 45 Periods, Moduli Spaces and Arithmetic of Algebraic Vari- 
eties of the DFG (Deutsche Forschungsgemcinschaft). 
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Now let X be a Hilbert modular variety and V an irreducible local system over X . Then 
the cohomology group H k (X,V) carries a natural real mixed Hodge structure (see §2$, which is 
the principal object of study in the present paper. The case of constant local system has been 
treated in the book [5] by Freitag (see Ch. Ill in loc. cit.). Thus we shall assume here that 
V is a non-trivial local system. Any irreducible complex local system V over X induced by a 
linear representation of G is of the form V m for certain m = (mi, . . . , m n ) € Nq, see SJU Our 
results are summarized as follows (the notations in the statements are collected at the end of 
the section): 

Theorem 1.1. Let X be a Hilbert modular variety X of dimension n and V m be an irreducible 
non-trivial local system determined by m = (mi, . . . , m n ) G Nq . Then: 

(i) H k {X,Y m ) = 0for0<k<n-l andk = 2n. 

(ii) If mi = ■ ■ ■ = m n , then for n + I < k < 2n — 1 

^M+n.lH+n ;= dimc F ^ +n W 2{M+n) H k (X, V m ) = dim c H k (X,V m ) = fczfy* 

where h is the number of cusps. 

(iii) If not all rrii are equal, then H k (X, V m ) = for n + 1 < k <2n — 1. 

(iv) Furthermore, if mi = ■ ■ ■ = m n , then 

dimH n (X,Y m ) = [2(mi + l)] n [h n '°(X) + (-1)"] + h. 
Moreover, for each P — (mi+l)lp, < lp < n, and P+Q = dimH k (X,W m ) = \m\+n, 

h n' Q = (j p )(rni + mh n >°(X) + (-in 
^\m\+n,\m\+n _ ^ otherwise h^'Q = 0. 

(v) If mi = • • • = m n is not satisfied, then 

n 

dimiT n (X,V m ) = 2 n [h n '°(X) + (-1)™] J|(m, + 1). 

8=1 

Furthermore, for P + Q = \m\ + n, 

n 

= N (m, P)[h n >°(X) + (-1)"] JJK + 1), 

i=i 

where N(m,P) is the cardinality of the set {I C {1, ...,n} | |m/| + |/| = P}, and 
otherwise =0, if P + Q ^ |m| + n. 

Each irreducible complex local system Y = V m underlies a natural real polarized variation of 
Hodge structures (R-PVHS) V R of weight |m| (see ©. After Deligne-Saito [5J[H[21[23[M1ISI], 
the cohomology group H k (X, Vr) carries a natural real MHS with weights > \m\ + k. This 
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MHS is defined over Q if all mi are equal. The natural inclusion j : X — > X* into the Baily- 
Borel compactification induces an injective morphism of MHS IH k (X* , Vr) — > H k (X, Vr) by 
Proposition 16.11 We denote again by IH k (X*, Vr) the image of the embedding. The theory 
of Eisenstein cohomology (see [TU], [55]) provides a decomposition H k (X, Vr) = H k (X, Vr) © 
H^ iB (X, Vr), where H k (X,V R ) is the image of H k (X, Vr), the cohomology of Vr with compact 
supports, in H k (X, Vr). 

Theorem 1.2. Le£ V m &e an irreducible non-trivial complex local system over X . Let n < k < 
2n-l and let (H k (X, Vr), W. , F-) be Deligne-Saito's MHS. Then: 

(i) Forn + 1 <k< 2n-l, one has H k (X,Y R ) = H k is (X,Y R ) and the MHS on H k (X,Y R ) 
is pure Hodge-Tate of type (|m| + n, \m\ + n). 

(ii) IH n (X*,Yu) = H?{X,V R ) andH n (X,V K ) = IH n (X*, Yu)®H^(X, Vr) a natural 
splitting of MHS over R into £wo pieces with weights \m\ + n and 2(\m\ + n). 

Due to the splitting of the MHS (H k (X, V R ),W.,F-) over R, one has a bigrading H k {X, V m ) = 
©p,q H k' Q with #f Q = F P nF°n Wp+g,c satisfying 

P+Q<1 r>P 

In addition we can give an algebraic description of the (non-zero) Hodge (P, <3)-componcnts 

P 

This result can be regarded as a kind of generalized Eichler-Shimura isomorphism for 
Hilbert modular varieties: 

Theorem 1.3. One has the following natural isomorphisms: 

(i) For n + 1 < k < 2n - 1, H k (X, V m ) = ffM+^M+n ~ JJ*-»(X, ®^ =J £^+ 2 ). 

(ii) ffM+»'° ~ ff»(I,O x (-S)«ClC +2 )- H \rn\+n,\ m \+n „ ff°(S, (g)^ £™*+ 2 1 5 ) ; 

and for < P < |m| + n — 1, P + Q = |m| + n, 

~ (x, (g) £™ i+2 ® (8) >cr mi )• 

IC{1 »}, i£l i£/ c 

|mj| + |Z|=P 

In the above results, Theorem ll.il (i) and the first half of Theorem II .21 (i) for regular local 
systems are special cases of Li-Schwermer [TB] (see also Saper [25 ). Wildeshaus has recently 
informed us that the main result in [2] also implies Theorem II .![ (ii). Combined with Lemma 
16.21 one is able to show then the second half of Theorem II. 2 [ (i) for regular local systems. The 
paper is organized as follows: Section [5] contains the basic set-up. In section [3] we compute 
the logarithmic Higgs cohomology and present an algebraic description of the gradings of the 
Hodge filtration on cohomology group. At this point one then has certain a priori information 
of the sheaf cohomologies from known vanishing results. The full information is not known 
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until one has analyzed the MHS of the cohomology in some detail. Section |4] deals with the 
intersection cohomology which in turn relies on the theory of L 2 -harmonic forms. This provides 
an L 2 -generalization of the results in [18] . Section [5] introduces Eisenstein cohomology. This 
has been extensively investigated in [5] , [5] for constant coefficients and in [33J [HI HH IS] > [IB] 
for non-constant coefficients. We complement their results by computing the Hodge type of 
Eisenstein cohomology. The last section combines all results and contains the proofs of the 
above theorems. 

Notations: X is a fixed Hilbert modular variety of dimension n > 2. X* is the Baily-Borel 
compactification of X, X is a smooth toroidal compactification of X with the boundary divisor 

5 = X — X. Let h be the number of cusps, which is the cardinality of the set X* — X. 
Let h n '°(X) be the geometric genus of X. For any n-tuple m = (mi,...,m n ) € Ng, put 
|m| = X)"=i m *' an d generally for any subset I C {1, . . . , n}, \mj\ = JZjci m i- The cohomology 
group H k (X,V m ) has a natural real MHS with weights > \m\ + k. Define 

h{' q := dim Gr p F Gr%Gr^ +q H k (X,N m ), 

as Hodge numbers of the mixed Hodge structure. For < k < 2n, IH k (X* , V) is the middle 
perversity intersection cohomology of V over X (see g]), and ff| is (X,V) is the Eisenstein 
cohomology of V over X (see jj5]). Over X, there are a set of basic line bundles {£i}i<i< n (see 
<J3J , which are good extensions to X of locally homogenous line bundles over X in the sense of 
Mumford (see [20]). 

2. Preliminaries and Deligne-Saito's mixed Hodge structure on the 

cohomology group 

Let F C M be a totally real number field of degree n > 2 over Q, with the set of real 
embeddings HomQ(F, R) = {ai = id, . . . , a n }. Let Op be the integer ring of F and 0* F be the 
unit group of Of- For an element a € F one puts — <Ji(a), the i-th Galois conjugate of a. 
Let G = RpiqSL2 be the Q-algebraic group obtained by Weil restriction. The set of real points 
G(M) of G is identified with G\ X • • • X G n , where each Gi is a copy of SX(2,R). The subset 
G(Q) C G(R) is then given by 

f / / a(!) fed) \ / aW &(") \ \ 1 
< G Gi x ••• x G n \ a,b,c,deF\. 

\\\ c w d(i) y ^ c («) J ^ / 

Now let H n = Hi x • • • x H„ be the product of n copies of the upper half plane with coordinates 
z = (zi = xx + iyx, ...,zi = xi+ iy h ...,z n = x n + iy n ). 
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The group G(R) acts on i" by a product of linear fractional transformation. Namely, for 



g ■ z = (gi ■ z±, . . . , g n ■ z n ), where gi- zi — (aiZi + bi)(c.iZi + . The action is transitive and 
the isotropy subgroup of G(R) at the base point zq = (i, . . . , i) is K — SO(2) n , a maximally 
compact subgroup. K acts on G by right multiplication and one identifies the set G/K of 
left cosets naturally with H". Let F C G(Q) be a torsion- free subgroup which is commensu- 
rable with G(Z) C G(Q). It is called a Hilbert modular group in this paper and will be fixed 
throughout. By the theorem of Baily-Borel, the quotient space Xy := F\G(R)/ K is naturally 
a smooth quasi-projective variety, which is called the Hilbert modular variety for T. As F is 
fixed, we shall denote Xr simply by X. The topological space X is non-compact and admits 
several natural compactifications. The Baily-Borel compactification X* of X is obtained by 
adding a number of cusps as a set (see [8]) and has the structure of a projective variety by 
Baily-Borel. It is however singular, and admits a natural family of resolutions of singularities, 
the so-called smooth toroidal compactifications (see Q] for general locally symmetric varieties 
and [B] more details for Hilbert modular varieties). Let X be such a smooth compactification, 
and let S = X — X be the divisor at infinity, which has simple normal crossings. In addition, 
we also use the Borel-Serre compactication X* in S}5] It is a smooth compact manifold with 
boundary, which contains X as the interior open subset. The boundary dX^ = X" — X has h 
components in total, with each component an (5' 1 ) n -bundle over (5 1 )™ -1 . 

For A C C a Q-subalgebra, we define an A-local system over X as a locally constant sheaf 
of free A- modules of finite rank with respect to the analytic topology on X . Let be the 
point of X given by the T-equivalence class of zq 6 H". Then it is well-known that an A- 
local system over X corresponds to a representation tti(X, 0) —> GL(A). In this paper A is 
either Q, K or C. Since tti(X, 0) is naturally identified with L, by the super-rigidity theorem of 
Margulis, equivalence classes of complex local systems over X are in one-to-one correspondence 
with equivalence classes of finite dimensional complex representations of G(R). Let V be the 
complex local system corresponding to the irreducible representation p : G(R) — > GL(V). By 
Schur's lemma, there exists an n-tuple m = (mi, . . . , m„) of non-negative integers and n copies 
Vi of C 2 for i = 1, . . . ,n such that p = p mi ®- • -<EiPm n , where for each i, p mi : Gi — > GL(S mi Vi) is 
isomorphic to the m^-th symmetric power of the standard complex representation of SL(2,M). 
A local system V is called regular if p is a regular representation, i.e., its highest weight is 
contained in the interior of the Weyl chamber. It is clear that V = V m is regular if and only if 
each rrii in the above is positive. To summarize, for each m £ Ng, there is a unique complex 
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local system V m over X up to isomorphism, and any complex local system over X is a finite 
direct sum of such. For (0, . . . , m», . . . , 0) we denote the corresponding local system by Vj )mi . 
So V m = Vi. mi ® • •• ® V n ,m n - The complex local system V = V m is the complexification of 
a natural real local system Vr. Moreover, Vr is naturally an R-PVHS, which is a special case 
considered by Zucker (see [35]). This can be seen as follows. Let 



be the standard basis of C 2 on which SL(2,M) acts by matrix multiplication. Then R 2 = 
Rex + C C 2 is an invariant R-structure. Define a symplectic form ui on R 2 such that 
{ei,e2} is the symplectic basis for ui. Let C 1 ' = C{ei + ie-i\ and C ' 1 = C{ei — ie%\. Then 
the decomposition R 2 C = C 1 ' C 0,1 defines a polarized weight one Hodge structure on 
R 2 , and this decomposition has the special property that it is also the eigen-decomposition of 
the induced action of 5*0(2) by restriction. For each 1 < i < n, the i-th factor of G(R) acts 
on Vi via the standard representation and trivially on any other factor. Applying the foregoing 
construction on C 2 to V., one obtains a polarized weight one Hodge structure on the fiber of 
the constant bundle HP x V, at zq £ H". By using the homogeneity property of H™, one defines 
a R-PVHS on the constant bundle H™ x Vi, and it descends to a R-PVHS on Vj,i over X (see 
§4 in 32 J. Taking the m^th symmetric power, one obtains a R-PVHS of weight rrii on Vj mi , 
and further by taking tensor products one obtains a R-PVHS of weight \m\ — J^ILi m * 011 
as claimed. It is clear that Vr is in fact defined over FcK, and is even defined over Q if (and 
only if) ni\ = ■ ■ ■ = TO„ holds. 

Now we consider an even more general setting. Let M be a quasi-projective manifold of 
dimension d and (Wr, V, F') a R-PVHS over M of weight n. Let M be a smooth, projective 
compactification of M such that S — M — M is a simple normal crossing divisor. For simplicity 
of exposition, we assume that the local monodromy around each irreducible component of S is 
unipotent (it is quasi- unipotent in general). Put W an = Wi®iOm„, where Om„„ is the sheaf 
of germs of holomorphic functions on M. Deligne's canonical extension (see Ch II, §4 in [4]) 
gives a unique extended vector bundle W a „ of W an over M, together with a flat logarithmic 
connection V : W ara — > W an fij^ (log S) . Using this we obtain the logarithmic de-Rham 
complex f2* og (W on , V). Schmid's Nilpotent orbit theorem implies that the Hodge filtration F' 
extends to a filtration F of holomorphic subbundles of W an as well (see §4 in [27]). By GAGA, 
the extended holomorphic objects over M are in fact algebraic. One defines a Hodge filtration 




HILBERT MODULAR VARIETIES 7 

on the logarithmic de-Rham complex by F r fi* og (W „, V) = 12^- (log 5) <g> F r ~* , which is a sub- 
complex by Griffiths transversality. After Saito (see [21]- El])) there is a naturally defined weight 
filtration W. on the logarithmic de-Rham complex such that the triple (J7J' og (W an , V), W.,F') is 
a mixed Hodge complex (see Appendix A in [7]). By Scholie 8.1.9 (ii) in [5], this gives rise to a 
real MHS with weights > k + n on H k (M 7 W R ). When W R is constant, this MHS coincides with 
the one defined in §3.2, [Sj by Deligne. It is this MHS that we intend to understand properly 
in the case of Hilbert modular varieties. 

After taking the graded object associated to the pair (W an , V) with respect to the filtration 
F-, one obtains the logarithmic Higgs bundle (E = ® p+q=n E p > q ,6 = (B p+q=n 9 p ' q ). Again, 
by Griffiths transversality it satisfies 6 p > q : E p ' q -> E p ~^ q+1 <g> ft^ (log S) . The Higgs field is 
integrable, i.e., 9 l\9 — 0, and so one can form the logarithmic Higgs complex Q,* og (E, 9) (see [35] 
for the compact case, and the definition for the current case is similar). Note that the sheaves 
and the differentials in this complex are algebraic. The hypercohomology of this complex is 
called logarithmic Higgs cohomology. One observes that the logarithmic Higgs complex is a 
direct sum 0ptg ft* P (E, 9) of subcomplexes, where tl p (E, 9) = E p - l < m - p+l ® 0^(log S). We 
define C p,l (E,9) to be the i-th cohomology sheaf of the subcomplex VL* P {E, 6). The relation of 
logarithmic Higgs cohomology with Saito's MHS is given by the following 

Proposition 2.1. Let W = Wr ® C and F' be the Hodge filtration on H k (M,W) as above. 
For < k < d, one has a natural isomorphism 

Gr^H k (M,W) ~ E. k (M,Cl P (E,e)). 

Proof. This is in fact a direct consequence of the E\ -degeneration of the Hodge filtration on 
C\* og (W on , V) by Scholie 8.1.9 (v) in [5]. □ 

When W is constant, the Higgs field is trivial. Therefore the logarithmic Higgs cohomology 
is just the usual sheaf cohomology. In another important case the above result can also be 
improved: 

Proposition 2.2. Assume that M is a smooth arithmetic quotient of a hermitian symmet- 
ric domain and M a smooth toroidal compactification. Moreover assume that Wr is locally 
homogenous (see [32] ). Then one has a natural isomorphism 

d 

GrpH k (M,W) ~Q)H k ~ l (M,C p ' l (E,9)). 

1=0 

Proof. The proof is based on the one of Proposition 5.19 in 32 for compact M. Let Q*(E°, 0°) 
be the Higgs complex of W over X , which is equal to the restriction of the logarithmic Higgs 
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complex Q*(E,9) over X to X. It suffices to show that the logarithmic Higgs complex is the 
good extension of the Higgs complex in the sense of Mumford. First we consider the terms in the 
complex. Each term is a tensor product of a wedge power of (log S) and the Deligne-Schmid 
extension of E° = E\m- Proposition 3.4 in 20 shows that 17^ (log 5) is the good extension 
of The estimates of the Hodge metric, which is the invariant metric on E° up to scalar, 
provided by Theorem 5.21 in [3], shows that the sections of E are at most of logarithmic growth 
around S with respect to the Hodge metric. By the characterization of the good extension in 
Proposition 1.3, [20], one concludes that E is the good extension of E°. We also have to consider 
the bundle homomorphism: we may choose a local basis of group invariant sections for E° and 
conclude that 9° is a constant morphism in this basis, since, by homogeneity, 9° is determined 
by its value at one point. In the extended group invariant basis also 9 is constant on M. This 
argument implies that the Z-th cohomology sheaf C P ' l (E,9) of Vt* p (E,9) is the good extension 
of Z-th cohomology of fl* p (E°, 9°) to X, which is a direct summand of SV p (E, 9). Moreover, the 
inclusion @ ; C P ' l (E, 6)[— I] <-} il* p (E,9) is a quasi-isomorphism. This completes the proof. □ 

3. Logarithmic Higgs cohomology over Hilbert modular variety 

Let V = V m (resp. Yi >mi ) be an irreducible complex local system over the Hilbert modular 
variety X. After a possible finite etale base change of X, the local monodromies of V at infinity 
can be made unipotent, so we assume this from now on. This assumption can be removed 
once a result is unaffected by finite etale base change. Let (E m ,9 m ) (resp. (£Jj jJni , #i, mi )) be 
the resulting logarithmic Higgs bundle over X by the construction in <J5J It is clear that the 
construction is compatible with direct sums or tensor products, and hence 

(E m , 9 rn ) = (£i |mi ,^, mj ) ® • ■ • ® (£ n ,m„!^,ro„)' 

In this section the logarithmic Higgs cohomology of (E m ,9 m ) will be determined. 

We start with a basic property of the set {(Ei t i,di,i), 1 < i < n} of logarithmic Higgs 
bundles. 

Proposition 3.1. For each i, E\ t i — CiQC^ 1 . There exists a natural isomorphism i7^(log5) ~ 
©™=i suc h that 9-^ i : Li — > C~ x fi^(log S) is the composition of the tautological maps: 



Proof. This follows from the fact that the period map for Hilbert modular varieties is an 
embedding together with uniqueness of the Mumford extension. □ 
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Consider the following situation: Let Di, i = 1, 2 be two hermitian symmetric domains, and 
(Vi,Vi,i^ - ) a homogenous VHS over Di (see [S3)- Let (Ei,8i) be the (analytic) Higgs bundle, 
which is obtained by taking the grading of the pair (Yi^ an , Vj) with respect to F{. Similarly 
as before, one forms the Higgs complex Q,*(Ei,Qi) over Dj. Now put D = Di x D 2 with two 
projections pj, i = 1,2. By abuse of notation we denote the pull-back of (Ei, 9i) via pi to D by 
the same symbol. Put (E,9) = (Ei,9i) <£> (E2,9 2 ). It is straightforward to verify the Kiinneth 
decomposition of the Higgs complex 

n* P (E,6)= n* Pl (E 1 ,6 1 )®n* P2 (E 2 ,6 2 ), 
p 1 +p 2 =p 

and then the Kiinneth decomposition of the cohomology sheaves 

C pl (E,9) = C PM (E 1 ,9 1 )^C p ^ h (E 2 ,9 2 ). 
h+h=l 

Summarizing the above discussion we obtain the following 

Proposition 3.2. Let Di for 1 < i < n be hermitian symmetric domains, andYi a homogenous 
VHS over Di with the corresponding Higgs bundle (Ei,9i). Put D = D\ x •■• x D n , and 
(E, 9) = (Ei, 9i) ® • • • (g> (E n ,9 n ), which corresponds to V = Vi • • • ® V„ over D. Then one 
has the following Kiinneth formula for cohomology sheaves ofQ*(E,9): 

C p \E,9)= C p ^ h (E 1 ,9 1 )®---®C p ^(E n ,9 n ). 

p 1 +--+p n =p, 
IiH H n =l 

Let us go back to the discussion about the cohomology sheaves of Q* os (E m ,6 m ) over X. 

Proposition 3.3. For any subset I C {1, ... ,n} define I c to be the complement of I, \mi\ = 
^2 ieI mi and Ci = ® ieI £™* +2 ® ® ie jc C^™' ■ Then one has the formula 

C pl (E m ,9 m ) = C[. 

IC{1 »}, 

| m/ | + |/|=P,|7|=i 

Proof. By the proof of Proposition 12. 2[ each C p,l (E m ,9 m ) is the good extension of the corre- 
sponding cohomology sheaf for the Higgs complex, the restriction of £l* P (E m , 8 m ) to X. By the 
homogeneity of the Higgs complex, it suffices to carry out the computation at 0, or equivalently 
the computation of the pull-back Higgs complex over HP 1 at zq. For that, one applies Proposi- 
tion l3.2l for Di = H, 1 < i < n. For each i, the computation over Di is easy and the details are 
therefore omitted. □ 



The above proposition and Proposition 12.21 imply the following 
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Corollary 3.4. Let < k < 2n and F- be the Hodge filtration on H k (X,Y m ). For each 
< P < \m\ + k, one has a natural isomorphism 

GrpH k {X,Y m ) — H fc -l J l(X,Cj). 

'C{1 »}, 

\m,\ + \I\=P 

We conclude this section with two vanishing results of global sections of C/, which contribute 
to a priori information about the sheaf cohomologies in the above corollary. Note that the line 
bundle Ci is of the form (SC=i £*' f° r arL n-tuple of integers (si, . . . , s n ). The first vanishing 
result is easy to prove and valid for a product of compactifications of modular curves, which 
can be viewed as the degenerate situation of Hilbert modular varieties. As this result will not 
be applied in the following sections, its proof is omitted. 

Proposition 3.5. For an n-tuple (s\, . . . , s n ) of non-zero integers one has the vanishing 

n 

ff°(A > ,(g)£f)=0 

i=l 

if one of the s, is negative. 

The second vanishing result relies essentially on the irreducibility of the arithmetic lattice T, 
and is of differential geometric nature: 

Proposition 3.6. For an n-tuple (si, . . . , s n ) e Nq \ {0, . . . , 0} one has the vanishing 

n 

H°(X,(g)£ s i i \ x )=0 

i=l 

if one of the entries Si is zero. 

We first recall the following 

Definition 3.7. Let M be a complex manifold and (F, h) a hcrmitian holomorphic vector 
bundle over M. Let be the curvature tensor of (F,h). (F,h) is said to be semi-positive (in 
the sense of Griffiths) at the point x € M, if for any non-zero tangent vector v e Tx, x an d any 
non-zero vector e e F x , Q(e,e,v,v) > 0. It is said to be properly semi-positive if furthermore 
for certain non-zero vectors eo and vo and has 6(eo, eo, v 0} v ) = 0. 

The significance of the notion properly semi-positive in the case of locally hermitian symmet- 
ric domains lies in the following theorem due to N. Mok, as a direct consequence of his metric 
rigidity theorem on irreducible locally homogenous bundles: 

Theorem 3.8 (Mok). Let D be a hermitian symmetric domain and T a torsion-free discrete 
subgroup of G = Aut°(D) such that the quotient M = T\D is irreducible (i.e. not a product 
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of two complex manifolds of positive dimensions) and has finite volume with respect to the 
canonical metric. Let (F, h) be a non-trivial irreducible locally homogenous vector bundle over 
M with an invariant hermitian metric h. If (F,h) is properly semi-positive at one point (and 
hence for all points), then H°(X,F) = 0. 

Proof. See §2.2 Theorem 1 and §2.3 in Chapter 10, [19]. □ 

The following proposition gives a sufficient condition for a semi-positive locally homogenous 
bundle being properly semi-positive. 

Proposition 3.9. Let M be as above, and (F, h) a semi-positive locally homogenous bundle 
over M . If there is a Higgs bundle (E,6) corresponding to a locally homogenous VHS W over 
M such that F C E p ' q and there exist non-zero vectors e € Fq and v € Tx,o such that 9 v {e) = 0, 
then (F, h) is properly semi-positive. 

Proof. Because F is an irreducible component of E p,q , the second fundamental form vanishes 
(see Chapter I in [15]). So we can use Griffiths' curvature formula (see Lemma 7.18 in [27] for 
example) for E p ' q to calculate the curvature of F: 

e(e,e') = (0(e), 0(e')) - (0t( e ), 0t(e')) V e,e' € 

By assumption, 9 v (e) — 0. So 

Q(e,e,v,v) = (9 v (e),0 v (e)) - (0t (e), 0t(e)) = -(0t(e), 0t(g)) < . 

Since F is semi-positive, 6(e, e, v, v) > 0. Therefore 6(e, e, v, v) = 0. □ 

Back to the proof of Proposition ^. 61 

Proof. Take m = (si, . . . ,s„). By the discussion at the beginning of this section, it is clear 
that £- S i\x is the first Hodge bundle, namely the E\ m \-° part of the corresponding Higgs 

bundle to V m . So it is semi-positive. Assume s\ = without loss of generality. Let e, be a local 
section of Ct at 0. Via the natural projection map, X and H™ are analytically local isomorphic 
to each other. A generator of the tangent subspace T^ i C Th», Zo gives rise to a tangent vector 
v of Tx.o- By Proposition 13. 1[ the Higgs field along the direction v acts trivially on e, for 
2 < i < n. For 6 m = (g)™ =2 0^, it follows that for the local section e = 0™ =2 of (g)™ =1 £f, 
m , v {e) = 0. By Proposition 13.91 and Theorem 13.81 the proposition follows. □ 
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4. Intersection cohomology of local systems over Hilbert modular variety 

and the pure hodge structure 

We may resume the general setting discussed in the last part of $2] and quote the following 
fundamental result, which was conjectured by Zucker 331: 

Theorem 4.1 (Looijenga [17] . Saper-Stern [30 ). Let M be a smooth arithmetic quotient of 
hermitian symmetric domain with M* the Baily-Borel compactification. Let W be a locally 
homogenous VHS over M. Let g (resp. h) be the group invariant metric on M (resp. W) 
(unique up to constant), and let H k 2 ^(M,W) be the L 2 -cohomology group of degree k with coeffi- 
cients in W with respect to the above metrics. Let IH k (M*, W) be the k-th (middle perversity) 
intersection cohomology. Then one has natural isomorphism 

LH k (M* , W) ~ H h ( 2) (M, W) . 

The case of Hilbert modular varieties has already been verified in [3 3) . 

Theorem 4.2 (Zucker |32j). Let M,M* be as above. If W underlies a locally homogenous 
Wi-PVHS Wf of weight ra, IH k (M* , Wr) carries a natural real pure Hodge structure of weight 
k + ra. 

In this section we shall describe the Hodge decomposition of IH k (X* , Vr) and give a formula 
for the Hodge numbers. For a subset / C {0, . . . , n}, we denote by Cj the restriction of C/ to 
X, which is a locally homogenous line bundle over X, and by H^(X,Cj) the L 2 -Dolbeault 
cohomology of with respect to the invariant metric g of X and the group invariant metric h 
on Cj. That is, it is the cohomology of the complex (A°^(X,C'j), d), where A^(X, Cj) is the 
space of L 2 -integrable smooth (0,«)-forms with coefficients in Cj over X. Let f)g ^(X,Cj) C 
A°2j(^,Cj) be the subspace of L 2 -9-harmonic forms. By the L 2 -harmonic theory, one has a 
natural isomorphism H l ^(X,Cj) ~ fjg ^(X,Cj). 

Theorem 4.3. Let I C {1, . . . ,n} be a subset. Then the following statement holds: 

[ 0, i^n- III; 

() \ dimff ( ° 2) (X,(g);UC + W, i = n~\I\. 

In order to prove it, we need to employ the full machinery of L 2 -harmonic theory. Let 
A™ 2 ^(X 7 V m ) (resp. A P ^(X, V m )) be the space of smooth L 2 -n-forms (resp. type (p, q)-forms) 
on X with coefficients in V m . Denote the subspace of L 2 -harmonic forms by 

f)? 2) (X,V m ) - {a e Af 2) (X,Y m )\n D a = 0}, 
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similarly the subspace of L 2 -harmonic (p, g)-forms by tfid(X, V m ). By Zucker [32] . one has 
natural isomorphisms 

IH n (X*,V m )~^ 2) (X,V m ) = ij$(X,V m ). 

p+q=n 

By abuse of notation, in the following we denote again by (E m , 9 m ) the restriction of (E m , 9 m ) 
to X, which is a Higgs bundle over X. We consider the cohomology sheaf of the Higgs complex 
of (E m , 9 m ) over X at the i-th place: 

E m ® n 1 ^ 1 6 -z-> E m ® n x -H s m ® fi^ 1 , 

and denote by 0£f the adjoint of 6^ with respect to the Hodge metric on E m and the invariant 
metric on X. We have the following 

Lemma 4.4. The i-th cohomology sheaf of the Higgs complex can be characterized by those 
sections of E m ® fl x satisfying the equations 9 l m = 9*^~ 1 = 0. 

Proof. Let C — ^ QI J™i be the cohomology sheaf. By the homogeneity, one has the holomorphic 
and metric decomposition of Hermitian vector bundles 

Ker 6 l m = C®Im 9 l m \ 

So C = Ker 9 % m n (Im 9 l m 1 )^ . On the other hand, one has clearly that Ker 9*^~ x = (Im O 1 ^ 1 ) 1 - . 
The lemma follows. □ 

Lemma 4.5. For each I, one has the inclusion f)g , 2 JX,Cj) C f^f,)*^", V m ). 

Proof. This follows from (5.22) and (5.14) in [32]. We need to explain the notation. By 
Proposition l3.31 Cj is a direct summand of the |/|-th cohomology sheaf of the Higgs subcomplex 
ft\ mi \ + \i\(E m ,6 m ). By (5.22) and (5.14) in [32 , it follows that 

^(X^C^iX,^). 

□ 

Let / = (ji, . . . , i p ), J = (ji,.. . ,j q ) be two multi-indices with 1 < i\ < ■ ■ ■ < i v < n and 
1 < jx < ■ ■ ■ < j q < n. Put dzj = dzi ± A • • • A dzi p and c?zj = d2j 1 A • • • A d% . Let f)(2) (I, J; V m ) 
be the subspace of f&$(X,Y m ) consisting of those elements whose pull-back to H™ are of form 
fj jdzi A dzj. The following lemma is the L 2 -analogue of Proposition 1.2 in [T8] and its proof 
holds verbatim for L 2 -harmonic forms. 
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Lemma 4.6. One has an orthogonal decomposition into a direct sum of subspaces of L 2 - 
harmonic forms for each (p, q) : 

ij$(X,V m )= f) (2) (/,J;V m ) 

\I\=P,\J\=q 

The next proposition gives the L 2 -analogue of Proposition 4.1-4.3 in [18 in the case of 
non-trivial local systems. 

Proposition 4.7. Let I, J be as above. If I U J is not a permutation of {1, ... ,n}, then 
f) (2 )(/,J;V m ) = 0. 

Proof. Let a = otj j € f)(2)(^, ■/;V Tn ). We prove the statement by induction on q — \ J\. When 
q = 0, a E A P '°(X, V m ) = A 0,0 (X, i? TO <X> f^x)- Because a is D-harmonic and equivalently 
D"-harmonic, one has 8(a) = 0, 9(a) = and 6* (a) = (see Corollary 3.20 in [35]). This 
implies that a is a global holomorphic section of E m <£> tt x and by Lemma l4~4l it is even a global 
section of the cohomology sheaf of the Higgs complex at the p = |/|-th place. Thus it must be 
a global section of C° = ® ieI £™ I+2 ® (g) . g /c CT m * \ x by consideration of {/, J; V m }-type. 

Case 1: I ^ {1, . . . ,n} and m t = for all i £ I c . In this case, Cj is of the type in Proposition 
[Ml Since a € f)| (2) (X,C?) C H°(X,C°j), a = by Proposition EU 

Case 2: m; ^ for certain i E I c . In this case, we consider the decomposition of the 
differential operator D over the space V m ) (see §1 and §4 in [2"5]): 

D = D' + D" = d' + d"; D' = d + 0, D" = 3 + 6, d! = 8 + 6,d" = 8 + 9. 

^d(o-) = implies that d (a) = 0. Since 8a — 0, it follows that 9(a) — 0. Now we take 
a smooth open neighborhood U of 6 X with the local coordinates {z%, . . . , z n } and e be a 
holomorphic basis of the line bundle Cj on U. Write a — f(z\, z n )e over U . Assuming the 
following claim, one has 

9(a) = 9(f(z)e) = f(z)9(e) = 0, 
and then / = 0. So a = 0. The following claim is a direct consequence of Proposition 13. II 

Claim 4.8. One has 9(e) ^ 0, where e is as above and 

9 : A^ 0) (£ ,|m - f| ' |mHm - r| ) -> ^(^(^l^/l+i.M-lmd-i), 

Proof. Let 9 t — 9g_ be the Higgs field along the tangent direction d Zi . Let &i (resp. e*) be a 
local basis of A (resp. over U such that #i(ei) = e*. By Proposition l3.il one has #i(ej) = 
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for j ^ i, and of course 6 t (e*) = for any j. Put e™ 1 = ef m ' and e™' c = (g> ieJC e* m \ 

Then one has e = dzi <8> e™ 7 (g> ej™ /c up to an invertible holomorphic function, which does not 
affect the proof. Recall the local formula of 9 (see §1 in [29]): 

i 

where 9i is the adjoint of the matrix 9i with respect to the Hodge metric. By the product rule 
for the Higgs field with respect to tensor products (see §1 in [29]), one has for i £ I c , 

6~i (dzj <8 e™ 1 ® e*T IC ) = d Zl ® 9, (e™ 1 ) ® e*™' c + dzj <8 e™ J ® ^ (e™' c ) 

= ^i®e7 J ®^(e^ c ) 

= m, • dzj ® e™ 7 ® e™{ C > } {,} ® (e*" 1 *" 1 ® e»). 

Similarly one gets 9i(dzi ® e™ 7 ® e*/! 1 '") = for i G 7. Thus one has the formula 

0(e) = TOj(dz/ A (g)e™ 7 (g) e*™{ C > } {,} (gie*" 1 '" 1 (g) e^). 

By the assumption of the case, the above expression is non-zero. The claim is proved. □ 

In summary, the space f)(2) (/, 0; V m ) is zero unless I is the whole set. This proves the q = 
case. Now we assume q > 0. There are two possibilities, namely the case ID J ^ and the case 
I fl J = 0. Consider the former case. Let A be the adjoint of the Lefschetz operator L = Aw 
on the space of differential forms, where u> is the Kahler form of the metric g on X. By the 
standard L 2 -harmonic theory, A(a) is again an L 2 -harmonic form. As I n J ^ 0, A(a) = 
if and only if a = 0. Write A(a) = £ 7 , r Pr,J" Then l J 'l = 9 ~ 1 and i 1 ' > J ') is not a 
permutation of {1, . . . , n}. So one proves by induction that each term f3j, j, of A(a) is zero 
and hence a — 0. Consider the latter case. Let Hj be the complex manifold whose underlying 
riemannian structure is the same as that of H™ but the complex structure differs from the usual 
one by that at the j-th factor for j £ J, one takes the complex conjugate complex structure of 
H (see §4 in [H]). One puts Xj — T\Wj. As observed in §4 [18], such an operation identifies 
the space of L 2 -harmonic forms t)jj(X,V m ) with fy D (Xj,V m ), but maps the subspace of type 
{I, J; V m } on X to the subspace of type {IU J, 0; V m } on Xj. This allows us to reduce the proof 
to the case q — on Xj. However the above arguments, particularly the truth of Proposition 
13.61 holds for Xj as well. Therefore the second case also follows. □ 

Now we can proceed to the proof of Theorem 14.31 

Proof. Let a £ f)L, g(X,Ci) be the L 2 -harmonic representative of a non-zero cohomology class 
of H? 2 JX,Cj). By Lemma 14.51 a £ t) P p 9 (X, V m ) where we rewrite p = \I\,q = i. By Lemma l4.61 
one writes a = ^ 7 j\n— p \ j\ =q oij j into sum of L 2 -harmonic forms with aj j type {/, J; V m }. 
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By Proposition 14. 7\ otj j — unless J is the complement of /. This implies that if q ^ n — p, 
namely i ^ n — |/|, a = and thus the vanishing part of the theorem. Moreover if i = n — |J|, 
then a = aj j c . Using again the trick of taking the conjugate complex structures on HP at 
the factors I c (see the proof of Proposition I4.7|) . one obtains an identification of the space of 
harmonic forms of type {/, I c ; V m } on X with that of type {(1, . . . , n), 0; V m } on Xj. □ 

Now we deduce the main results of this section from Theorem 
Corollary 4.9. For k^n, IH k (X*,Y m ) = 0. 
Proof. By Zucker (5.22) in [32], one has the equality 

fc+|m| n 

dimIH k (X*,V m ) = J2 E E dimfff-'^C?). 

P=0 1=0 ; C {1 n}, 

\I\=l, \ mi \+\I\=P 

In the above formula, it is clear that for < k < n — 1 fixed and for all Z, k — I < n—l = n — \I\ 
holds. By Theorem l4.31 it follows that for < k < n— 1, each direct summand in the right hand 
side of the formula is zero, and hence IH k (X* , V m ) = 0. By Poincare duality for intersection 
cohomology, IH k (X* , V TO ) vanishes for n+ 1 < k < 2n as well. □ 

Proposition 4.10. One has a natural isomorphism 

n 

tf(2)(^C { °i,...,n}) ~ H\X,O x {-S) ® (g)£^ +2 ). 

3=1 

Proof. Let t : X -> X be the inclusion. One has the relation 

We define 09 2 n (C? x ^ ) to be the subsheaf of t^C^ ^ consisting of germs of L 2 -holomorphic 
sections. It is clear that one has a natural isomorphism 

H (2)( X > C {l,...,n}) ~ H (^' fi (2)( C {l,...,n}))- 

Recall that n} = (g)" =1 £™ J+2 |x- In the following we show that 



^ 2) ((g)C +2 W = ® (g)£- 



iTRj +2 
'J 

3=1 3=1 



The question is local at infinity, and we shall only show the case where m = (1,0,..., 0), since 
the proof for general case is completely analogous. It suffices also to consider a small neigh- 
borhood U of a maximal singular point P € S. Let {ui, . . . , u n } be a set of local coordinates 
of U such that S n U is defined by JlLi "i = 0- We also put w pc = £™ =1 vEI^i^g^ 
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the Poincare metric on U — S ~ (A*) x ™, and u> = c\ J2i=i 



(in the following the Ci are 



certain constants), the invariant metric. Their volume forms are computed respectively by 



VoL.. = 



nr=iki 2 iiogkii 2 ' - w nuvi ' 

By the theory of toroidal resolutions of a cusp singularity (see [T] and [7] ) , one has the following 
formula for the change of local coordinates: 

n 

2it\J~^\ ■ Zj = } o>i j log Ui, 
j=i 

where a^j > for all i,j (the rational polyhedral decomposition is taken in the positive cone 
containing totally positive elements of Of). Comparing the real parts of the above equality, 
one obtains 

n 
3=1 

with a! i ■ = The estimate of Hodge norms in Theorem 5.21, [3] is taken over the following 
type of region 



D r 



{( Wl ,...,^e(A T |^N><. 



log|u„- 



■p > e,-log|u n | > e} 



log|u 2 | ' ""' log|u n | 
for some e > 0. For an element a € S n , the permutation group over n elements, we put D a to 
be the region obtained by permutating the indices of {u{\ in the definition of D e . So Did — D e , 
and note that {D a } a( zs n is an open covering of a small neighborhood of P for suitable chosen 
e. By shrinking U if necessary, it covers U . It is clear that the square-integr ability over U 
is equivalent to that over each D a . Now let v t be a local section of Ci over U, and write 



5.21, [3], \\ Vi \\ 2 r 
means that 

Since over Did, 
VoL 



v 2 ® ■ ■ ■ ® v 2 for an element in {C\ ® L\ ® ■ ■ 
| log |ui|| over Did- The condition that fvf ® v\ 



\f\-\\v\®vl®---®v 1 n \\No\ w < 



Cl)\x(U). By Theorem 
• ® v 2 being L 2 over D id 



nr=i i log i 



ntiiiogi^ii 5 



n?=iiiogi 



vol po nr=i yf nr=i(E; =1 -< d i°g w 

holds, it follows that 



I log \ui 



\2n 



l/l 



\v\ ® V 2 ® ■ ■ ■ ® vl\\Vo\ u 



Did 



i/i-iio g |uiir +i voi, 



|/HiogM| 3 .niiogMI 2 VoL pc 



i=i 

|3 n 



l/l- 1 log Kll 3 A/, A ^ 
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It is clear now that over Did, the above section is L 2 if and only if / = m ■ f for certain 
holomorphic /'. Running the above arguments for the other regions D a , one knows that the 
section is L 2 over all D a if and only if / = (ui, . . . , u n ) ■ f" for certain holomorphic /". This 
shows the equality 

n n 

^ 2) ((g)C +2 w -Ox(-^)®(8)C +2 

j=i j=i 
over U. By the previous discussion, the above equality actually holds over X, which shows the 
proposition. □ 

Corollary 4.11. The Hodge decomposition of IH n (X* , V m ) reads 

IH n (X*,V m ) = IH P < Q , 

P+Q=n+\rn\ 



where 



i=0 lc{i »}, 

1/1=1, \ mI \+\I\=p 

and has dimension N(m, P) dimH°(X , O x (— S) ® ®" = i 'C™ 3+2 ) 7 where N(m, P) is the cardi- 
nality of the set {I C {1, . . . , n}\ |toj| + |7| = P}. In particular, 

n n 

IH n+\m\,o „ H *{X,O x {-S) ® (g)£™ J+2 ), 7ff '"+l™l ~ H n {X,§§C- m >). 

j=l i=l 

Finally, 

dim777 n (X*,V m ) = 2 n dimH°(X,O x (-S) ® (g)£™ J+2 ). 



Proof. Continuing the arguments in the above proof, one sees that for each P, 

7^.0-0 77^(X,C°)- 

(=0 IC{l,...,n}, 

|/|=Z, |mi|+|/|=P 

It is clear that, for P = (resp. P = n+ the above expression consists of the unique term 

Hfa(X,C$) (resp. 77 ( ° 2) (X,C^ By Proposition HH 77P+H.0 ~ J7°(X, ® 

®" =1 £™' +2 ). By Serre duality, one has a natural isomorphism 77T '™+H ~ # n (X, ®" =1 £r mi ) 
Moreover, for each subset 7 C {1, . . . , n}, the cohomology group H?^ ' 7 ' (X, C°) appears exactly 
once in the above formula for P — \mi\ + |7|. By Theorem 14.31 each direct summand in the 
right hand side of the formula has the same dimension. It follows that 



dim777"(X*,V m ) = 2 n dim H°(X,O x (-S) <8 §§L™ i+i ). 

□ 



3 

3=1 
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Corollary 4.12. One has the dimension formula 

n 

dimH^(X,C° {1 _ n} ) = [h n '°(X) + (-1)"] JJ(m, + 1). 

i=l 

Proof. By Corollary 14.91 and 14.111 one has 

In 

dimH° 2) (X,C° {1 _ n} ) = (-l/2)"]T(-l)Mim/irpr,V m ). 

i=i 

For the Euler characteristic, one has the equality 

2n 2n 

^(-l)Mim/iP(X*,V ro ) = rank(V„J ^(-l)Mim/irpT,C). 

i=l i=l 

By Theorem 14. 11 the computations of the L 2 -cohomology for constant coefficients in §5 and §6, 
Ch. Ill of [5] (see particularly Theorem 6.3, Ch. Ill and Corollary 4.7, Ch. I in loc. cit.), one 
knows that 

{(^™ 2 ) , if i ^ n is even; 

(-2) n ( X (X,Ox)-l), ifi = n is odd; 

(-2n X (X,O x ) - 1) + ( n y , if i = n is even. 

So one obtains 

n 

dhnH° 2) (X,C° {1 _ n} ) = (-l) n X (X,Ox)Y[(mr + 1). 

i=l 

Finally, by Proposition 4.7, Ch. II in loc. cit., h p '°(X) = for 1 < p < n — 1. Hence 
X(X, Ojf) = 1 + (-1)™/j"> (X). This proves the formula. □ 

5. ElSENSTEIN COHOMOLOGY OF THE HlLBERT MODULAR GROUP 

Let X^ be the Borel-Serre compactification of X with the boundary dX*. Recall that X is 
homotopy equivalent to X* and hence one has the natural restriction map r : H*(X, Vr) — >■ 
H*(dX\ Vr). The theory of Eisenstein series (see [TU] and [35]) provides the following space 
decomposition 

H'(X,V R ) = H?(X,W m ) © H£ is (X,V m ), 

where H* (X, Vr) is the image of the cohomology with compact support, and H^ is (X, Vr) maps 
isomorphically to the image of r. Its elements can be represented using Eisenstein series. In 
this section, we study the Eisenstein cohomology H^ is (X, Vr). Before doing anything, we first 
recall the following result, which is a special case of the main theorems in |16) : 

Theorem 5.1 (Li-Schwermer [TB]). I/V m is regular, then H l (X,Y m ) = for < i < n — 1, 

and H l (X,Y m ) = H^ is (X,Y m ) ~ W(dX*,Y m ) fori>n + l. 

The following lemma is known by (6.13-18) in [33] : 



20 STEFAN MULLER-STACH, MAO SHENG, XUANMING YE, AND KANG ZUO 

Lemma 5.2. H^dX^Vm) = unless mi = ■ ■ ■ = m n . As a consequence, H^- ls (X,Y m ) = if 
the relation mi = ■ ■ ■ = m n is not satisfied. 

The main result of this section is the following 

Theorem 5.3. Assume mi = ■ ■ ■ = m n and I > n. Then the restriction map r : H l (X, Vr) — > 
H l (dX*,Y K ) is surjective and dim H^ is (X,Y m ) = §-l) h - Moreover, 

H l ms {X,V m ) c F\ m \+ n H l (X,Y m ) 

holds, where F' is the Hodge filtration on H l (X,Y m ). 

After the paper was posted, Wildeshaus informed us that the main result in [2] is also able to 
show the statement about the Hodge type of the Eisenstein cohomology in the above theorem. 
The current argument in the proof is based on the treatment of the Eisenstein cohomology for 
constant coefficients in [5] (see §3 and §4, Ch. Ill in loc. cit.). In the following we assume 
mi = ■ ■ ■ = m n . It is clear that the proof of the theorem can be reduced to the statement for 
the standard cusp oo, which is the T-equivalence class of (oo, . . . , oo). From now on we pretend 
that dX^ has only one component. Let C T be the stabilizer of oo and put = r oo \IHI n . 

Proof. We divide the whole proof into several steps. 

Step 1: A basis of H^X^,, V m ) for n < I < 2n — 1. Let A^l) be the quotient of the 
following set 

n 

4=1 

by Too , which is naturally identified with dX^ . The group Too is of the form 

1 -> U -> -> M -> 1, 

where 

U = { | J U ^ j x ••■ x | | e Tod ueO F 

M = { \ ^ |x-x| . . \eT 00 \teG*j 

are free abelian groups of rank n and n — 1 respectively. The X^ll) has two distinguished 
submanifolds: One is the quotient of the set {(iyi, . ■ . , iy n ) € H" | Yi7=i Vi — 1} by M, which 
is isomorphic to (S 11 )™ -1 with 'coordinates' {log?/i, . . . ,log?/ Tl _i} and denoted temporarily by 
Y), and the quotient of {(xi + i, . . . , x n + i) £ W l \ X\, . . . , x n € R} by U, which is isomorphic 
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to (S 11 )™ with 'coordinates' {xi, . . . ,x n } and denoted temporarily by Z. In fact, Xoo(l) is 
naturally a fiber bundle with Y (resp. Z) a section (resp. fiber) of it (see §2 in [TO]). 

Claim 5.4. For n < I < 2n — 1, the following set of vector valued differential forms over H™ is 
Too-invariant and defines a basis of i/'(X 00 (l), V m ): 

{u' a = — A dzi A • • • A dx„ ® (9)(e a + a^)™ 1 1 o C {l,...,n- 1}, |a| = / - n}, 

y ° i=i 



where for a = (ii, . . .,i/_ n ), h < ■■■ < i/_ n , ^ = ^-A- • -A ^ " , and <j e,i = ( 



Va Vi 



, e i2 



is the standard basis of Vi at z 6 M 71 (see <J2]) . 



Proof. Let 7r : Xoo(l) — > Y be the fibration. By §2 in [TO], the Leray spectral sequence of 
7r for H (Xoo(l), V m ) degenerates at -E 2 - By the theorem of van Est (see §2 in [10]), each 
grading H*(Y, R l ~*Tr*Y m ) is computed by its corresponding Lie algebra cohomology. By the 
computations on the Lie algebra cohomology in §6 of |33) (see particularly (6.18) and Lemma 
(6.13)), one knows that 

iT'OXoo(l), V m ) = H l - n (Y,C) ® ff"(Z,V m ). 

Now it is straightforward to check that { -J* a | a C { 1 , . . . , n — 1}, | a | = l — n} provides a basis for 
H l ~ n (Y, C) and the element A"=i ® <SC=i ( e «i + x i e i2)" 11 is a basis for the one dimensional 
space H n (Z,Y m ). □ 

Note that the inclusion Xoo(l) C Xqo is a homotopy equivalence. We claim the following 

Claim 5.5. The following set of Too-invariant vector valued differential forms over H" 
dz f\ d z ^ 

{u a = — A dz b (g> §Q(e a + z,e l2 ) mi | a C {1, . . . , n - 1}, \a\=l-n, b = a c } 

defines a basis of H^X^, ¥ m ). 

Proof. By Remark 3.1, Ch.III in [5 ], oj a is cohomologous to 

A daui A . . . A d.T„ ® (9)(e a + ^e i2 ) mi 
up to scalar. By Claim and the homotopy equivalence, it remains to show that 

A etei A • • • A dx n ® 0(e ix + 2,e l2 ) mi 
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is cohomologous to u' a up to a scalar. Note that the difference of the above two forms is a linear 
combination of forms of the following type: 

— A dxx A ■ ■ ■ A dx n ® ^{y i e i2 ) ti ® (en + a^)" 11- **, 

Va i=1 

which is exact once one of the U is positive. In fact, assume t\ > 1 for example, the exterior 
differential of the following form 

, n n 

yi- — hf\dxi® (yieia)* 1 " 1 ® (en + ziei 2 ) mi - il+1 ® (g)(y 4 e l2 )'* ® (e a + a^ea)" 11- * 4 

^ a i=2 i=2 

is up to a scalar equal to 
dy a 



A dxi A • • • A dx„ «)(X)(2/ie l 2) tl ® (e« + x l e t2 ) mi u . 
y a ^ 

This shows the claim. □ 



Step 2: Convergence of Eiscnstein series. For each u> a , we consider the following formal 
differential form E(cj a ) on X obtained by symmetrization (see §3, Ch.III in [8]): 

E(u) a ) = Wq ' M ' 

MeT/Too 



( a W fed) 










)■■ 


•i 




I cF> dW 






c (n) d (n; 



where M = x • • • x runs through a set of representatives of 

\ C (D d(D J \ C («) d («) y 

r/Foo, and w a |M = M*u) a by considering M as transformation on X^. If the above series 
converges, then E(u> a ) defines a genuine vector valued differential form on X. The following 
simple transformation formulas 

dzi\M = (Szi + d®)- 2 dzi, dzi\M = (c {i) zi + d {i) )- 2 dz u 
Vi \M = \c^Zi + d^\- 2 y h (e ll +z i e l2 )|M=( C Wz l + d«)- 1 (e ll +z l e l2 ) 

show that the series E(cu a ) obeys the relation E{uj a ) = E a ^(z) • a; a , where 

n 

Ea,p(z)= n( cW ^+ d(i) ) _Q, ( c(i) ^+ dW )" ft 

Mer/r^ i=i 

with 

!mi + 1 if i G a 
, A = 
mi + 2 if i e a c 

This is the type of Eisenstein series considered in [5]. Note that for the constant coefficient 
they consider the border case r = 1 , which requires the technique of Hecke summation to show 
the convergence of the series. In the current case, Lemma 5.7, Ch.I in [8] shows that E a ^(z) 
is absolutely convergent. We show next that E(ui a ) is closed. For that, one considers the 
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Fourier expansion of E a ,p(z) at oo, and as argued in Proposition 3.3, Ch.III in [8], the key 
point is to study the constant Fourier coefficient. The formula ao(y,s) in Page 170, [5] for 
s = 0, r = mi 2 +2 and ati, fii as above shows that the constant Fourier coefficient of E a ^(z) is 
of the form A + — B - 2r -i with A = 1, £> = (see Theorem 4.9, Ch.III in [5]). One concludes 
from the proof of Proposition 3.3, Ch.III in [5] that E(uj a ) is closed (hence a cohomology class 
in H l (X,Y m )), and it induces the same cohomology class as ui a in H^Xo^Ym). The same 
proposition also shows that the restriction of E(ui a ) to other cusps is zero. By the theory of 
Eisenstein cohomology, {E(uj a )} aC{1 ^.^ n}t | Q | =; _„ forms a basis oi H l Eis (X,Y m ). 



Step 3: Hodge type of Eisenstein cohomology classes. By the expression of ui a in Claim 15751 
one knows that w a extends naturally to an element in A™.' (log S) A A^'°(*S) ® E^'°. Now by 
the expression of the Eisenstein series E a ^(z) in Theorem 4.9, [8] for A = 1, B = 0, one sees 
that E(cu a ) lies again in J 4^ ,0 (logS') A A^'°(*S) <X> -E^'' . The expression of E(io a ) shows that 
it is of logarithmic singularity at infinity S. Therefore E{uj a ) represents a cohomology class in 
F\ m \ +n H l (X,Y m ). □ 



6. The mixed Hodge structure and the dimension formulae 

By theorem 5.4 in [T3] the natural map IH k (X*,Y m ) -> H k (X,V m ), induced by the inclusion 
j : X — > X* , is a morphism of mixed Hodge structures and the image of the map is the lowest 
weight piece, that is Wfc + | m | of H k (X,Y m ). By Corollary 14. 9\ the map is only interesting for 
k = n. In this case, we assert the following 

Proposition 6.1. The natural map IH n (X* ,V m ) — > H n (X,V m ) is injective. 
Proof. Recall that one has the following natural isomorphism by L 2 -harmonic theory: 
IH n (X*,Y m )^^ 2) (X,Y m )= tf$(X,V m ). 

p+q=n 

The proposition boils down to show the following statement: Assume we have w € f)™ 2 ^(X, V m ) 
and a £ A r ^~ 1 (y rn ) satisfying D(a) = w, then to — 0. In order to prove this we write u) = 



H P +q=n UJ p,<! and further w Pi9 = J2ic{i,....n},\i\= P UJ iJ^ where w^jc = f I jdziAdzic (see Lemma 
4.61 and Proposition I4.7|) . It is enough to show uij ja — for all possible /. Let Xja be the 
complex manifold considered in the proof of Proposition 14.71 for J — I c and put X — Xja for 
brevity. Let l : X —> X be the natural inclusion. By Deligne [4], the inclusion 



Af (log S) A Af(*S)]®V m ,D \ ^(i*A x (V m ),D) 



p+q= 
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is a quasi-isomorphism. Furthermore, by E\ -degeneration of the Hodge filtration, one has also 
the quasi-isomorphism 



[ _4|°(log S) A Af(*S)] ® V m , D ~ [ Af (log S) A Af(*S)] ® V m , ^ 
v p+q=- / \ p+<?=- y 



ft is not difficult to check that oj e [0„ +o= „ A p , ! u (log S) A A q f(*S)} <g> V m . So by the quasi- 
isomorphisms, we find actually a' <= [0 p+g=n _i ^°(log S) A <g> V m such that D'W = 

w. Note for fixed I, ujjjc is holomorphic over X. One has then 

• ~ i. j ■ = <(D"<x')i,j,Ui,j> 

= < {dx a ')i,J> u i,J > + < (O x a ')i,J^i,J > 

= < d x a', cjj j > + < 6 x a', w It j > 

= <e x a',uj I j> 

= < a', O x ojj j > 

= <a',0> 

= 0, 

and therefore we get tuj j = 0. So oj = 0, and the proof is completed. 

□ 

Lemma 6.2. Let (£Zr, W.,F m ) be a MHS with weights > m + k and the following properties: 

H c = F° = --- = F m+n D F m+n+1 = 0, = W m+k C • • • C W 2[m+k) = H R 
for certain < n < k. Then the weight filtration must be of the form 

= W m +k = ■ ■ ■ = W 2 ( m +n)-l S W 2 ( m +n) = ■■ ■ = W 2 ( m +k) = H R. 

Proof. By the assumption on the Hodge filtration and the Hodge symmetry, it is easy to see 
that each graded piece of the weight filtration can have at most one Hodge type. This implies 
that the first possible weight with non-zero dimension is W 2 ( m+n y But then W 2 ( TO+ „) must 
be the whole space. This is because for any i > 2(m + n) + 1 , the unique Hodge component 
(5,5) of Grf (assume i even), which is a quotient of Fi n W, ; c = 0, is zero. This implies the 
result. □ 

Proposition 6.3. Let (£Zr, W.,F~) be a MHS with weights > m + n with 

H C =F°D---D F m+n D F m+n+1 = 0, C W m+n C • • • C W 2[m+n) = H K . 
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Let iTjR = Hi.s,® H2M be a vector space decomposition. Assume that i?2,M C F m+n and ffijg C 
W ra i„. T/ien i/ie weight filtration is of the form C -Hi.r = W rn + n = ■ ■ ■ = ^(m+nj-l S= 
W2( m +n) — Hr, and the MHS (Hr, W. , -F ) is sp/ii over R. 

Proof. Consider the quotient MHS on ( w B ,W.,F'), where ~ means the quotient filtration. 
By the assumption on Hijg and i?2,R, one sees that the above quotient MHS is of the form in 
Lemma \6. 2 1 Thus one obtains the assertion about the weight filtration W. except the equality 

Set H p ' q := F' p n F q n W p + q ,c- W m+n has a pure Hodge structure of weight m + n induced 
by F- and its Hodge (p, q)-component on W m+n is given by F p C\ F q C\ W m+n ,c- So W m + n< c = 
©p+o=m+n ^ P ' 9 anc ^ H p > q C\W m+ n t c = forp+q 7^ m+n. Because for m + n < p+q < 2(m+n) 
W p +q — W m +n, one has H p ' q = H p ' q n W m + n) c = 0. Now consider the weight 2(m + n) pure 
Hodge structure on Gr^ m+n ^ ■ By Hodge symmetry and the indexing of the Hodge filtration, 
H p,2{m+n)-p jg zer0 unless p = m + n , i n that case, H m+n ' m+n = F m+n n Note that 

•ff2,R C H m+n ' m+n by the assumption. This implies the following relation: 

W 2{m+nhc =H C = H ljC © i? 2 ,c C W m+n , c © H m+n > m+n c W 2(m+n) , c . 

Therefore 7?2,r = W m+n and £f 2 ,c = H m+n ' m+n hold, which also shows the relation Wi t c = 
®p+q<i H v ' q f° r each m+n < I < 2(m+n). To show that (-Hr, W., -F') is split over R, it remains 
to show that F p = r>p H r ' s holds for each p (see §2 in [3]). Because H = W m +n,c © #2,C as 
shown above, and i?a,c C F rn+n by assumption, it follows that F p = F^Wm^c) © i?2,c for 
each p. Now that F p (W m+n , c ) = r>p H r ' m+n ~ r ', one obtains then F p = r>p FT> S for each 
p. This proves the result. □ 

Now we proceed to deduce our main results of the paper from the above results, together 
with the established information in previous sections. Let us return to the decomposition (see 

H k (X, Vr) = H?(X, Vr) © tf£ is (X, Vr). 

By Proposition 16. 1[ we denote again by IH k (X* , Vr) the image of it in H k (X, Vr). The 
cohomology classes in H k (X, Vr) are representable by differential forms with compact support, 
which are square integrable with respect to any complete Kahler metric on X. Recall that by 
TheoremHU the classes of IH k (X* , Vr) are L 2 -cohomology classes with respect to the invariant 
metric. Therefore H^(X,Y M ) C IH k (X*, Vr). The following result improves Theorem 15.11 
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Theorem 6.4. For k ^ n, one has H k (X,V m ) = H& ia (X,Ym). Furthermore, forO < k < n-l 
andk = 2n, it holds H k (X,Y m ) = 0, and for n + l < k < 2n-l, H k (X,V m ) = #| is (X,V m ) ~ 

H k (dXKV m )- 

Proof. By the above discussion, one knows that 

dim#! s (X,V m ) < dimH k (X,Y m ) < dimIH k (X*,Y m ) + dimH£ is (X,Y m )- 

By Corollary SU it follows that H k (X,Y m ) = H k is (X,W m ) for k n. The remaining part of 
the theorem follows from Lemma 15721 and Theorem l5.ll Also one notices that Hd£ s (X, V m ) = 0, 
since dX^ is of real dimension 2n — 1. □ 

Corollary 6.5. For I < n, H l (X,®'l =1 £7 m ') = 0. Let a be the i-th chern class of X, c\ 
be the i-th chern class o/Ty(— log S), the dual vector bundle of OV (log S) , and P(ci,...,c n ) 
be the degree n polynomial computing x(X,Ox) by Hirzebruch-Riemann-Roch. Then one has 
ri7=iA=x(^,0x) andP(c 1 ,...,c n ) = P(c[,...,c / n ). 

Proof. By Proposition E2 and dimH l (X, <g)™ =1 AT" 1 *) < dimH l (X, V m ), which is zero 
for < I < n - 1 by Theorem [O] Thus #'(^,(g>;Li A 7 ™*) = for / < n. By Hirzebruch- 
Riemann-Roch theorem, one has 

n n 

dimff°(A^(-S)®(g)£p +2 ) = dimH"(X,(g)£r n >) 

j=i i=i 

n 

= (-i)" x (^,0A rm *) 

= (-i) n []lK + 1) - 1] n A + (-i) n x(x, Ox). 
i=i s=i 

By Proposition 14. 101 and Corollary 14. 12[ it follows that 

n n n 

+ 1) - 1] n a = [ii( m « + x ) - ^(-y. ), 

i— 1 i— 1 i— 1 

which implies the equality Yl7=i A = x(^j ^x) f° r a ^ least one of rrij is positive. By Hirzcbruch 
proportionality in the non-compact case (see Theorem 3.2 in [20]) and Proposition ^. 1[ it follows 
that riiLi A = -P( c ii ■ • ■ i c n)i which implies the second equality. □ 

Theorem 6.6. LetV m be an irreducible non-trivial local system as above and (H k (X,Y m ), W., F~) 
be the Deligne-Saito MHS with weights > \m\ + k. Then: 

(i) For n + l < k < 2n-l, one has H k (X,Y u ) = H k is (X,Y w ) and the MHS on H k (X,W R ) 
is pure and of pure type (|m| + n, \m\ + n). 
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(ii) IH n (X*,¥ R ) = HJ l (X,Y R ) and ff™(X,V E ) = IH n (X*, V») ®Hg is (X, V») «s fee spi- 
ting o/ the weight filtration over R. 

(iii) For n < k < 2n — 1 i/ie weight filtration is of the following form: 

C W\ m \ +k = ■ ■ ■ = W 2 (| m | +n )_i C W 2 (| m | + „) = • • • = W 2 (\ m \ + k) = H k (X, V m ), 

where W\ m \+k — IH k (X* , V m ) and Gr^| m | +n -j ~ H^ is (X, V m ). 77ie Hodge filtration is 
of the following form: 

H k {X,Y m ) = F° D ■ ■ ■ D F^ +n D 0, 

in which H k is {X,Y m ) C F^ +n holds. 

Proof. For n + 1 < fc < 2n — 1, (i) and (iii) follows from Theorem 16.41 15.31 and Lemma 
[Q For fc = n, one applies Proposition EJ for ff K = ff n (X,V R ), ff liR = Zf, n (X,V R ) 
and i?2K = ^Eis(^'^R)- The condition for iJ 2 follows from Theorem 15.31 The relation 
i?i,M C IH n (X* ,V R ) C Wj m |+„ follows from the above discussion. Then Proposition 16.31 
implies that 

tf liR = /tf"(X%V R ) = W'| m | +n , 
and the splitting of the MHS over R. □ 

For the MHS (H k (X,W m ),W., F-), put 

h P k ' Q := dim Gr p GrfGr^' +Q H k (X,W m ), fff Q := n F Q n PF p+ q, c . 

By Theorem HH dimH^ Q = h^' Q . 

Theorem 6.7. Let V m oe an irreducible non-trivial local system over X . Then the following 
statements hold: 

(i) H k (X,Y m ) = 0for0<k<n-l andk = 2n. 

(ii) If mi = ■ ■ • = m n , then for n + I < k < 2n — 1 

4 m ' + "' M+n :=dim c Fl™l+"M/ 2(|m|+n) iJ fe (X,V m ) = dim c ff fe (X, V m ) = 

where h is the number of cusps. 

(iii) // no£ a/Z m, are equal, then H k (X,Y m ) = /or n + l<fc<2n— 1. 

(iv) Furthermore, if m\ = • • • = m n , i/ien 

dimF n (X, V m ) = [2(mi + 1)]>"'°P0 + (-1)"] + /i. 
Moreover, for each P — (mi + 1)1 p, < lp < n, and P + Q = \m\ + n. 

<> Q = (j p y mi +ir[h n ' o (x)+(-in 
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^\m\+n,\m\+n _ ^ otherwise h^ Q = 0. 
(v) If mi = • • • = m n is not satisfied, then 

n 

dimiJ"(X,V m ) = 2 n [h n '°(X) + (-1)"] J|(m. t + 1). 

»=i 

Furthermore, for P + Q = \m\ + n, 

n 

h%<* = N(m,P)[h n <°(X) + (-1)"] JJ(mi + 1), 

t=i 

where N(m,P) is the cardinality of the set {I C {l,...,n}| |mj| + |7| = P} ; and 
otherwise h p =0, if P + Q \m\ + n. 

Proof, (i), (ii) and (iii) are consequences of Theorem l6.4l |6~B1 15.31 and Lemma I5"3?l (iv) and (v) 
follow from Corollary |4~TT1 HH Proposition l4~T0l Theorem IQlfiil.lO and Lemma E2 □ 

Theorem 6.8. One has the following natural isomorphisms: 

(i) For n + 1 < k < 2n - 1, ff M+*,M+». ~ ff*-n(jf j (g)™ =i £™*+ 2 ). 

(ii) #M +n '° ~ /7°(X,O^(-5)®0^ 1 C ,+2 ) J M ra|+ " >l+ " - ^°(^®ILiC ,+2 |5), 
and /or < P < |m| + n — 1, P + Q = \m\ + n, 

~ (x, (g) C I+2 ® (8) £>i mi )- 

ic{i »}, iei iei" 

|mj|+|Z|=P 

Proof, (i) follows directly from Theorem 16.61 (i) and Corollary 13.41 By Theorem 16.01 one has 

for < P < \m\ + n - 1 and P + Q = \m\ + n, 

= Gr p F H n {X 1 Y m ). 

The isomorphisms for these follow from Corollary [3^4] By Theorem l6.6l and I6.7[ one has 

Gr l p l+n H n (X, V m ) = Pl m l +n = #M+«,0 & jyM+n.M+n 

and #H+"'° = / ff |m|+n,o (x . ) Vm ). By CorollarySUl fljT lHC ~ /f°(X, 0x(-S)®®" =1 C +2 ), 
and by Corollary DS1 Gr^^P™ (X, V m ) ~ H°(X, <g)" =1 £" ll+2 ) (the previous two isomor- 
phisms are in fact equalities). As H 1 ^, O x {-S) <8> ®" =1 £™ !+2 ) = by Corollary EH the 
long exact sequence of sheaf cohomologies of the following short exact sequence 

n n n 

o o x (-s) ® (g)£™ i+2 £ r +2 -> C' +2 |s 

i= 1 i=X i—1 

yields the isomorphism #M+™'M+» „ #o (s; ^ £™*+2| s ). □ 
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